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A cloud of solute injected into a pipe or channel is known to spread out by a dispersion
process based on cross-sectional diffusion across a velocity shear. The original
description of the process is due to Taylor (1953, 1954), and an important subsequent
contribution was by Aris (1956), who framed and partially solved equations for the
integral moments of the cloud of contaminant. The present work resolves some
technical difficulties that occur when Aris’ solution method (separation of variables)
is pursued in depth. In particular, it is shown that Aris’ technique has to be modified
to give the moments at short and moderate times after the injection of solute into
the flow. The paper is concerned with dispersion in those parallel flows for which an
associated eigenvalue problem has a discrete spectrum of eigenvalues; fortunately,
this case appears to be the rule rather than the exception. Expressions are obtained
for the second and third moment about the mean, and the theory is applied to three
cases of interest.

1. Introduction

The dispersion of soluble matter in fluid flow has been intensively researched since
the classic papers on the subject by G. I. Taylor (1953, 1954). Taylor pointed out that
solute is much more slowly dispersed by molecular or turbulent diffusion alone than
by the process of molecular or turbulent diffusion across a velocity shear. This
dispersion process hasa wide application in chemical engineering and chromatography
(see e.g. Marrero & Mason 1972; Howard 1976), environmental fluid mechanics (see
e.g. Fischer ef al. 1979) and other fields.

A complete mathematical description of the dispersion process is seldom possible,
however, and approximation methods are invariably employed: for example, expan-
sions that are valid for small (Barton 1978; Smith 1981) or large (Chatwin 1970)
values of the time are available. Another fruitful approach is that developed by Aris
(1956), namely the calculation of the first few integral moments of a cloud of solute
as it disperses. The mean of the distribution and the second moment about the mean
are particularly useful. It is now well known that a cloud of contaminant injected
into a tube or channel develops a Gaussian profile in the downstream direction at
asymptotically large times. Thus the dispersion process is asymptotically equivalent
to a diffusion process, except that the apparent diffusion coefficient is much larger
than ordinary molecular or turbulent diffusivities. The apparent diffusion coefficient
may be readily calculated once the asymptotic form of the second moment about the
mean is known: for example, Aris (1956) showed from the second moment that the
dispersion coefficient is « + a2U2/48« for a solute with molecular diffusivity « injected
into a tube of radius a containing fluid in laminar flow with mean speed U. The
moments of a cloud of solute are easier to calculate than the concentration of the
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distribution itself, and Aris’ techniques are therefore important and useful in many
applications.

The aim of this paper is to resolve technical difficulties that occur when solving
Aris’ moment equations by separation of variables. Aris (1956, 1959) did not deal
with these problems in his papers because he was concerned only with the asymptotic
behaviour of the second moment about the mean; the problems occur when
separation of variables is used to solve for the moments at all times after the injection
of contaminant. The Aris moment equations consist of a parabolic partial differential
equation giving the time-dependent cross-sectional structure and an ordinary
differential equation for the evolution of cross-sectionally averaged moments. Some
complete solutions of these equations are already available for particular cases (e.g.
Chatwin 1970). The present work is more general, however, as it gives solutions at
all times for the second and third moments of a cloud of solute injected into a parallel
flow. The calculations presented for the third moment are restricted to the case when
the injected solute is initially uniform across the cross-section. The solutions are also
subject to the proviso that an eigenvalue problem that occurs in the separable
solution possesses a discrete spectrum of eigenvalues. This proviso may be important
for models of dispersion in parallel flows when the diffusion coefficient vanishes at
the boundaries, although, even in these cases, the proviso does not automatically
present a hindrance, as is shown in §6.

The contents of this paper are as follows. In §2, a summary is given of the Aris
method of moments, and solutions for the second and third moments are obtained
in §3. Then in §§4—6 the results are applied to three cases of some interest: dispersion
of a solute with constant molecular diffusivity in plane Coutte flow and in Poiseuille
flow, and dispersion in turbulent channel flow. The calculations for these three
examples are simplified by assuming that the initial distribution of contaminant is
uniform across the cross-section of the flow. The conclusions of the work are gathered
together in §7. The most important of these is that Aris’ results are correct at
asymptotically large times, although his work could not describe the approach to the
asymptotic state without the modifications contained herein.

2. The Aris moment equations

A summary of Aris’ (1956) method of moments for a dispersing solute is given in
this section. We consider a confined parallel flow in the direction of the axis Ox* of
Cartesian coordinates Ox*y*z*. (An asterisk in this section denotes a dimensional
constant or variable.) Define Q* to be the cross-section of the flow in the Oy*z* plane,
and let [€2*| be its area and 0Q* its boundary. Further, suppose the flow has velo-
city components (u*(y*, z*), 0, 0) and that a solute with diffusivity «*(y*, z*) is in-
jected into the flow. The diffusive flux of contaminant is given by —«*V*C*, where
C*(x*, y*, z*, t*) is the concentration.

It is convenient to work with dimensionless variables {z, ¥, z, t, u, K, C} defined

by [x*, y*, 2¥] = a*[x, y, 2], (2.1a)
* = a*/D* u* = Uku, (2.1b,¢)
k* = D*K, C*=Q*C/a*3Q, (2.1d,e)

where D* and U* are the mean values of «* and u* over Q*, a* is a characteristic
scale of Q*, @* is the total amount of injected contaminant, and Q is the dimensionless
cross-sectional area of the flow. The factor Q isincluded in the non-dimensionalization
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of C* for convenience, and the definition ensures that ”_fC dV = Q. The dimensionless
variables K and u have unit cross-sectional mean, that is

1 _ 1 -
K= 5&, K(y.z)dydz=1, u= Qﬂﬂu(y,z)dydz =1

The concentration C then satisfies the equation

oC ., 8C _  >C 0 gg) g( a_c_)
Ll - k7C ay(xay +o (K5 (2.2)

under the conditions

KVC.A=0 atoQ, (2.3a)
Cla, y,2,0) ==, y, 2), (2.3b)
F dxj dyd=2C = Q, (2.3¢)
C finite at all points, (2.3d)
2, 0™C
6x el 20 (m,n=0,1,2,...). (2.3¢)

In (2.1), p = U*a*/D¥* is the Péclet number of the flow, and, in (2.3), fi is the unit
normal to the boundary 0€2 of the flow. The coordinates Oxyz used in this work are
stationary, whereas those used by Aris (1956) and Chatwin (1970) were moving with
the discharge speed of the flow.

If the following moment definitions are now made,

Culy, z, 1) = F x*Clz, vy, 2, t) dz, (2.4a)
— 1
M,)=C, == j C,y, z, t) dydz, (2.40)
Qllg
Aris has shown that C, and M, are the solutions of the problems
C,
—T <Ka-a?/—) < E® ) =n(n—1)KC,_,+nPuC,_,, (2.5a)
Cn(ya z,0) =€y, 2), (2.5b)
KVC, A=0 at 0Q, 2.5¢0)
C,, finite over the cross-section, (2.5d)
and dfg" =n(n—1)KC,_,+nPuC,_,, (2.6a)
M, (0) = (Zn = My, (2.6b)

As previously, the overbar denotes the cross-sectional mean. The problems (2.5) and
(2.6) are as defined by Aris, apart from minor changes of notation, the use of
stationary coordinates and the explicit statement of the condition (2.5d). Arig has
pointed out that the problems (2.5) and (2.6) can, in principle, be solved to as high
a degree of accuracy as desired, and he was concerned with the asymptotic behaviour
of M,(t). The parabolic partial differential equation (2.5a) can be solved by a variety
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of means: for example, by Laplace transform (Chatwin 1970) or by separation of
variables (Aris 1956). The main thrust of the present paper is to obtain a solution
for M,,..., M, using separation of variables, and, in doing so, to remedy errors
implicit in Aris’ formulation.

For later reference, the moments about the mean are also introduced at this point.
They are defined by ”- 2—&)"Cdv

ycav

_{ffecdv _ M,
Trcay = m,

where

and simple manipulations yield M
ralt) = 37—, 2.7)
(]

- .11;4[_3-3@2_53. (2.8)

3. Solution of the moment equations by separation of variables
For n = 0, we look for a solution to (2.5) in the separable form

Co= Aoo+onifi e, (3.1)
where the eigenvalue problem
0 0 0 0 }
B [ "l TR [ gl = 3.2
o (k5)+5 (&) +misi=o 3.2a)
KVf,. =0 atdQ, f,finite (3.2b)

is assumed to possess a discrete set of eigenvalues {u;}{°, and corresponding
eigenfunctions {f;}; that are orthogonal and normalized so that

=0, =l 6=
= f, = Y 3.3
f‘b O’ flf] {O (1/ :Fj) ( )
The eigenfunctions {f;} ; augmented by the constant 1 (with eigenvalue 0) form a
complete set, and fitting the initial conditions Cy(y, 2, 0) = €,(y, 2) fixes the constants
Ay, and A4y, to be

A =%, Apy=%,f. (3.4)
Noting that .#, = €, = 1 by (2.3¢), the solutions for M, and C, are

Myt) =1, (3.5a)

Clt) = 1+2imf,- e Hit, (3.5b)

The solution for M; now follows readily by substituting for C, in (2.6). Without
loss of generality, .#, is set equal to zero, and M,(t) is found to be

M,(t) = Pt+ PE €, fiuf; (1 —e i)/ p;. (3.6)
?
The term Pt reflects the well-known fact that the centre of mass ultimately moves

at the discharge speed U*, and the remaining terms give a small displacement
relative to the original centre of mass.
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The solution for ¢, is more complicated, however, and it is here that Aris’
formulation would break down if expressions for the moments were required for other
than asymptotically large times. The problem defining C| is

oc, 0,00, a( ao> .
7_5;(1{ ay> 0z K 0 Pu +PZ(€ fiufze ™ (37a)

Ciy, 2,0) =%y, z), KVC,.A=0 at 69, C, finite, (3.7b,¢,d)

and, for reasons that are explained immediately below, the inhomogeneous terms in
the defining equation are modified by adding in and subtracting out various terms
as follows:

Pu+P% o fiufie M = Plu—v10)+PZ €, f; (u—y1) fie #

+P7’10+Pzt: Cofivufre e
The solution for Cq is therefore

C, = A10+ZAlift e_”'t+P¢10+Pz Cofidre ™+ Pty + Pt G, fiva fie e,
i i i

where the particular solutions ¢,, and ¢,; are the solutions of the problems

0 0 0
{@(K@)-Faz( >} $10 = — (¥ —Y10), (3.8a)
KV$y b=0 atdQ, ¢, finite, (3.8b,¢)
0 0 0 0
and {5‘;<K@>+$(K az>+:“i} G = —(w—yu)fis (3.9a)
KVg,; a=0 atdQ, ¢, finite. (3.96,¢)

Now it is well known from eigenvalue theory that inhomogeneous problems such as
(3.8) and (3.9) possess a solution only if the inhomogeneous term is orthogonal to the
eigenfunction of the homogeneous problem. This solvability condition (which was
ignored by Aris for the equivalent of (3.9)) immediately determines the constants y,,

and y,; to be —
Vi Yo=1, yu=ufr (3.10)

The introduction of the constants y;, and y,; is essential to obtain the separable
solution. Moreover, the solutions ¢,, and ¢,; can be expressed as a linear combination
of the complete set of eigenfunctions {1, {f;}# ;}. That is,

P10 = ﬂéo+§ Bofy b= ﬂ%o+)jl Bits (3.11)

where the fs are determined by expanding the inhomogeneous terms in (3.8) and (3.9)
in terms of the eigenfunctions. It is found that g8}, and 8}, are arbitrary (and are
hereinafter set equal to zero), and the other fs are given by

. _ - _ Y 3.12a.,b
ﬂO] /l/]’ ﬂ‘LO /lzl ( . > )
o WiS g 3.12¢
h= =t ) (3.12¢)

The solution of C, is completed by using the initial condition C,(y, z, 0) = €, {y, 2)
to determine the arbitrary constants 4,, and A4,; multiplying the complementary
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functions. This procedure is straightforward and, after some algebra, the final
solution for C, is found to be

Cy= P+ P2 G Joufi (=) [y + 3 fy @ Jre w4 Py (L—e4) [

+PZ{ uflj.lf fl(goj;-f-j;(g fz} _ﬂit+PtZ(gofimfie—mt_ (313)
1 it i
j¥i

The solution for M, may be obtained by substituting the expressions (3.5) and (3.13)

for C; and C, into (2.6) and integrating. Omitting the lengthy details, M, is finally
found to be

My(t) = My +2{1+ P23 ufs /ugt+ 2P T G, f uf /s + P82
—2P* T ufi (1—e)/ui+2 X @, fiKf;, (1 —e) /g

+2P S @, Jyuf, (1~ i)/ u,— 2P 5. %, f; ufs uf, fy e/,

+2P* 2 €, fiufi (u=D)f, fi (1= e/t

— e—mt

+2P2z{>: flf’ OLufz+‘gofzuL} (3.14)

i M
j¥i
This expression for M, enables v,(t) defined by (2.7) to be calculated. After
simplification, v,(t) is found to be

M

nlt) = Mo+ 21+ PP L off /bt = 2P E ufy (1 =)

+2z[ T K+ P& )+ = U,

=y ML fgofju—mma?;)}u—e—m
2P S G T D fo e = P E G Tl (1= e )/t (3.15)

and, in the important case when the initial cloud of contaminant is uniform across
the cross-section, this reduces to

vo(t) = Mo+ 2{1 + P2 T uf? /u}t—2P T uf} (L—e ) /u}. (3.16)

The moment C,(y, 2, ¢) has to be found in order to calculate M,(t) and v4(f), and
the analysis becomes very laborious at this point. For this exposition, it suffices to
remark that inhomogeneous terms have to be added in and taken out of the defining
equation for C, to satisfy solvability conditions. The particular solutions are then
sought as a linear combination of the complete set {1, {f;}{ .}, and arbitrary constants
are determined by fitting the initial condition Cy(y, 2, 0) = €,(y, 2). Finally M, is found
by substituting for €, and C, in (2.6) (with = = 2) and integrating. The resulting
expression for M, is too long and complicated to reproduce here; rather the
simplification that the initial cloud of contaminant is uniform across the channel is
made for the presentation of results. In this case, the third moment about the mean
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is eventually found to be

10 = A+ 6P S QKT+ P S T
_lzpz@{x—mf’z[u_mu—%ﬁ i L
i lu? Y23 i Hi lll/]
%1

+op L =g et @

i

4, Dispersion in plane Couette flow

As a simple introductory example, we consider the dispersion of a solute with
constant molecular diffusivity injected uniformly over the cross-section into plane
Couette flow. In this case, K and u are given by K =1, u(y) = 2y (0 <y < 1), and
the eigenvalue problem (3.2) becomes

d2
(_dy2+ M) f=0, (4.1a)
df

The eigenvalues and corresponding normalized eigenvalues for this problem are
therefore

Wi = , Jiy)=+/2cosdimy (¢=1,2,...),
and it is an easy matter to derive the results
—  24/2{(—1} —1}
i = 122
ufy fi = 1,
2 {(—=1)¥—1 (—1)i—f—1}
R e N

which are required to calculate v,(f) and v4(t). If the various series in (3.16) and (3.17)
are summed to 8 terms on a small calculator, vy(t) and v,(t) are found to be

P P 64P? 2 1 .
= P — JER— —(2i—1)27% .
na(t) = H— {3g93539 T 2 (1 +30‘00003) t o L Gime , (4:20)
vy(t) = M, (4.2b)

A simple check on the present theory is afforded by confirming that these
expressions agree at large times with results predicted by Chatwin’s asymptotic
theory (1970, equations (3.8), (3.9)). The asymptotic theory predicts for v, and v,

¢2 2520P2+2(1+310PZ)
V3(t) ~ ‘/”3’

and the agreements of the constants is excellent.
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5. Dispersion in Poiseuille flow

This section considers the important case of a solute with constant molecular
diffusivity injected uniformly across the cross-section into Poiseuille flow in a tube.
The variables K and u are now given by

K=1, up)=21—p?) 0<p<1) (5.1)

where p is the usual cylindrical polar coordinate. (The assumption that € is uniform
across the cross-section means that the analysis is independent of the other polar
coordinate ¢.) The eigenvalue problem (3.2) now becomes

d({ d
{%(pd_p)+/l'ip}fi =0, (5.20)

df; .

d—f; =0 at p=1, [ finite, (5.2b,¢)
and the corresponding eigenvalues and normalized eigenfunctions for this problem
are Jo(s p)

= a, (p) = 0T
wi =y, filp) To@) | (5.3)
Here J, is the Bessel function of order 0, {«;}>., are the roots of J, = —J,, and p

is the weight function in the orthogonality property

L[ [ Joean)dalap) o (1 (G=3)
_ 0 —_
nfo dafop FAPRBATAR o (i + j).

Some standard properties of Bessel functions can then be used to establish the results

ZL}; = —ﬁ9
1
ufi fi =4,
—— S(at+a?)y . .
Wili= (a%l—a,?;2 (“*J9).

and the task of summing various infinite series in (3.16) and (3.17) is simplified by
using the following remarkable results due to Rayleigh (see Watson 1966, §15.51):

m 1 2 3 4 5 6
foem L L 1 1 13 11
2™ 8 192 3072 460080 8847360 110100480

The expressions (3.16) and (3.17) then become

Vo) = My—zkP?+2(1 + HP)E+128P2 Y a8 e3¢, (5.4)
i
Va(t) = Mo+ s PP (1— %) + 128P2 T o712 (fod + 18a2 — 240) it (5.5)
i

These results are in agreement with those obtained by Chatwin (1970, eqns (4.9),
(4.10)) using Laplace transforms, with the exception of the term

128P3% T a8 et
i
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Fiaure 1. A comparison of vy(t)—#; for Poisenille flow predicted by the present theory with
Chatwin’s (1970) result: , present theory; ----- , Chatwin’s result. The initial cloud of

contaminant is uniform across the cross-section, and the variables are non-dimensionalized as in
the text.

in v4(£). A close examination of appendix C of Chatwin’s paper shows that this series
results from neglected double zeros in a Laplace-transform inversion, and a
comparison between the correct result (5.5) and Chatwin’s result is shown in figure
1. To complete this section, it is noted that integral moments have been used by
Andersson & Berglin (1981) to estimate diffusion coefficients from experiments in
which solutes are dispersed in Poiseuille flow.

6. Dispersion in turbulent channel flow

Consider now, as a final application of the theory, the dispersion of a solute in
turbulent channel flow. This subject has been studied by Elder (1959) and Chatwin
(1970), who mentions that numerical solutions for the moments v, and v; have been
given by W. W. Sayre (whose work is not readily accessible). Following Fischer et
al. (1979, §4.2) the variables K and u are given by

'IL*
U*k

in which u* is the friction velocity, U* is the discharge speed of the flow and « is
von Kdrmdn’s constant, which is approximately 0-42. As Chatwin (1970) points out,
there are severe faults with the representations (6.1): there is no firm justification
for the use of Reynolds’ analogy, which gives K(y) (but see Fischer et al. 1979,
§5.1.1.1), the form for u(y) neglects the important viscous sublayer (see Chatwin
1973), and turbulent flow in a channel is not two-dimensional. The theory also
predicts results that differ by orders of magnitude from results in natural streams
and watercourses (see Fischer et al. 1979, §5.2.1). In spite of thege remarks, dispersion
in turbulent flow in a channel is important, certainly for pedagogic reasons, and it
is therefore included here.

K(y) = 6y(1—y), uly)=1+

(I1+lny) O<y<1l), (6.1)



214 N. G. Barton

Hily) = V3(—1+2y)
foly) = V/5(1 — 6y +6y?)
fly) = VT(— 1412y — 30y + 20y°)

= V17(1 =72y + 1260y* — 9240y + 34650y* — 720723° + 84084y° — 51480y + 12870y")
= v/ 19(— 1+ 90y — 1980y + 18480y° — 90090y + 252252y — 420420y/° + 411840y” — 218790y + 48620y°)

fay) = 3—60y +270y* —420y° + 210y*
fs(y) = v/ 11(— 14+ 30y —210y* + 560y° — 630y* + 252y°)
1ay) = v/ 13(1 — 42y +420y> — 1680y° + 3150y — 2772y + 924y°)
ol
(
(

¥

) (

¥) = vV 15(—1+ 56y — 756y + 4200y — 11550y + 16632y° — 12012y° + 3432y7)
) (

¥) (

TasLE 1. The eigenfunctions fi{y) (i = 1, ..., 9) for dispersion in turbulent
flow in the channel 0 <y < 1

i a; i a;

1 0-86603 11 0-03633
2 —0-37268 12 —0:03205
3 0-22048 13 0-02855
4 —-015000 14 —0-02564
5 011055 15 002320
6 —0-08585 16 —0-02112
7 006916 17 0-01933
8 —-005727 18 -0-01779
9 004843 19 001644

10 —0-04166

TaBLE 2. Values of the constants a; = fi(y) In y

The eigenvalue problem (3.2) now becomes

d dﬁ) _
S CIEMEO R (6.2
. df;
with 6y(1 _y)d_y =0 at y=0,1, (6.3)
which is equivalent to fi.fi finite at y=0,1, (6.4)

The problem specified by (6.2) and (6.4) is a singular Sturm—Liouville problem, and
standard theory (see e.g. Boyce & Di Prima 1977) no longer guarantees that a discrete
spectrum of eigenvalues exists. In the present case, however, there is a discrete
spectrum, and the results developed in §3 still apply.

To show this, we make the substitution § = 2y—1, and (6.2) becomes Legendre’s
equation d df.
d—§<(1 —gz)dié>+%ﬂifi =0.

The only solutions of Legendre’s equation that are finite at £ = +1 (and hence satisfy
(6.4)) are the Legendre polynomials P,(§), and it merely remains to normalize these
polynomials to satisfy the property f; f; = 1. A computer program was written that
generated the Legendre polynomials P,(§), sorted them into polynomials in y, and
normalized them as in (3.3). The eigenfunctions f;(y) are displayed in table 1, and
the various integrals f;(y) In y and f,(y)f;(y) In y that are required for the applica-
tion of the theory are given in tables 2 and 3. The eigenvalue corresponding to f;(y)
is p; = 6i(v+1).
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To present the results, the constant P(u*/U*x) is first evaluated,

U*h* w* _ U*h* u* 6
PO UM = = T = et o~ &

and the expressions (3.16) and (3.17) for v,(t) and v,(t) are then found to give

0-3835 4-849 2 a;
vy(t) = My—— +<2+ K,, )t ;zzme_“‘, (6.5)
1
1 4681\ 06265 1
V3(t)=%3+t<w— K® ) «b _1()8/(2(1_6-#2&)
2592 _ a; fa;(1+c¢;) @; Cyj 1296 a?
+ Z—’{ - e }e“l‘i’+—2 L+ey)—Lte st (6.6
kS 5 m Hi i i My K ( i ? 69)
j*i

Here u;, a; and c;; are given by
py=0ii+1), a;=fiy)Iny, cy=Lfiy)f;y)Iny,

and a; and c;; are tabulated. The asymptotic forms of these expressions agree well
with the asymptotic forms quoted by Chatwin (1970, pp. 340-342), although there
is a disagreement of about 59, in the coefficient of ¢/x® in v,4(f). The numerical work
for this section was carried out in double-precision arithmetic on a PDP 11/34
computer, with 20 terms retained in the various series; numerical accuracy to 3 figures
should be assured. The results should be more accurate than those of Chatwin (1970).
The expressions v, — ., and v, — .#, are displayed in figure 2 with k set equal to 0-42.

7. Discussion

The Aris method of moments is probably most useful in calculating the asymptotic
form of the second moment about the mean of a dispersing cloud of solute. Such an
expression provides the apparent diffusion coefficient for the dispersion process. In
this respect, the errors implicit in Aris’ (1956) paper are not important because they
do not affect the leading asymptotic behaviour of v,(¢). The solvability condition for
(3.8) (which governs the asymptotic behaviour) is automatically satisfied provided
the dispersion is described using coordinates moving with the mean speed of the flow.
Thus Aris’ results are adequate to give the asymptotic structure of v,(t) and v,(f), and
his results are supported by the asymptotic results of Chatwin (1970).

The main result of the present paper is that expressions for v,(t) and v4(t) can be
obtained using separation of variables, provided that due care is taken of solvability
conditionsinrelated eigenvalue problems. The new results are important if expressions
for the moments are required at short or moderate times, or if information is required
about the distribution of contaminant across the cross-section. 1t is found that the
third moment is the highest obtainable with manageable labour and reasonable
confidence in its accuracy. Fortunately, as Andersson & Berglin (1981) remark, this
may often be sufficient even for use with accurate experiments.

The theory presented here should be capable of generalization to handle dispersion
under different boundary conditions and in two-phase flows. The only requirements
would be that a separable solution should exist and that the eigenvalue problem
analogous to (3.2) should possess a discrete spectrum. The effect of changed boundary
conditions might be particularly important: for example, there could be (possibly
catalysed) reactions at the boundary (Barton 1982), or there could be a slow flux of
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Fiaure 2. Graphs of v,(t) — .4 , and v,4(¢) — #, for dispersion in turbulent channel flow. The initial cloud
of contaminant is uniform across the cross-section, and the variables are non-dimensionalized as
in the text.
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contaminant through the boundary. In these situations, the centre of mass of the
contaminant cloud no longer moves at the discharge speed of the flow, and the
solvability conditions are immediately required to determine the speed of the centre
of mass and the apparent diffusion coefficient at large times. An analysis of this sort
might find application to the situation described by Valentine & Wood (1977), where
‘dead zones’ at the edges of natural watercourses trap and then slowly release
contaminant back into the flow.

Finally, when does (3.2) possess a discrete spectrum of eigenvalues? Standard
eigenvalue theory (e.g. Boyce & Di Prima 1977) guarantees that a discrete spectrum
exists if the problem is of normal Sturm—Liouville type —that is, if K(y, z) > 0, if the
cross-section is of finité extent, and if the boundary condition is of the form

af;+BVf. = 0. (7.1)

These conditions are automatically satisfied in the dispersion of a contaminant with
constant molecular diffusivity in a laminar parallel flow through a finite cross-section.
The conditions are not satisfied when modelling turbulent dispersion in a channel,
as the eddy-diffusion coefficient vanishes at the boundaries. However, in the simple
case analysed, a discrete spectrum did exist and the theory of §3 was applicable. It
is conjectured that a discrete spectrum would still exist for this problem if the
boundary conditions were changed from (6.3) and (6.4) to the form (7.1).

REFERENCES
AnDERssON, B. & BEreLIN, T. 1981 Dispersion in laminar flow through a circular tube. Proc. R.
Soc. Lond. A 377, 251-268.

Aris, R. 1956 On the dispersion of a solute in a fluid flowing through a tube. Proc. R. Soc. Lond.
A 235, 67-717.

Aris, R. 1959 On the dispersion of a solute by diffusion, convection and exchange between phases.
Proc. R. Soc. Lond. A 252, 538-550.

Barron, N. G. 1978 The initial dispersion of soluble matter in three-dimensional flow. J. Austral.
Math. Soc. B 20, 265-279.

Barton, N. G. 1982 A time-dependent analysis of tubular flow reactors. Submitted for publication.

Boyce, W. E. & D1 Prima, R. C. 1977 Elementary Differential Equations and Boundary Value
Problems, 3rd ed. Wiley.

CHatwin, P. C. 1970 The approach to normality of the concentration distribution of a solute in
a solvent flowing along a straight pipe. J. Fluid Mech. 43, 321-352.

Cuarwin, P. C. 1973 A calculation illustrating effects of the viscous sub-layer on longitudinal
dispersion. Q. J. Mech. Appl. Math. 26, 427-439.

ELpER,J. W. 1959 The dispersion of marked fluid in turbulent shear flow. J. Fluid Mech. 5, 544—560.

FiscuEr, H. B., IMBERGER, J., LisT, E. J., Kon, R. C. Y. & Brooks, N. H. 1979 Mizxing in Inland
and Coastal Waters. Academic.

Howarp, C.J. 1976 Kinetic measurements using flow tubes. J. Phys. Chem. 83, 3-8.

MarruRO, T. R. & Masox, E. A. 1972 Gaseous diffusion coefficients. J. Phys. Chem. Ref. Data 1,
3-18.

SwmrtH, R. 1981 Theearly stages of contaminantdispersionin shearflow. J. Fluid Mech. 111,107-122.

TayLor, G. I. 1953 Dispersion of soluble matter in solvent flowing slowly through a tube. Proc. R.
Soc. Lond. A 219, 186-203.

TavLOR, G. 1. 1954 The dispersion of matter in turbulent flow through a pipe. Proc. R. Soc. Lond.
A 223, 446-468.

VarLexTing, E. M. & Woob, 1. R. 1977 Longitudinal dispersion with dead zones. J. Hydraul. Div.
A.8.C.E. 103, 975-990.

Warson, G. N. 1966 A Treatise on the Theory of Bessel Functions, 2nd edn. Cambridge University
Press.



